Mathematica 11.3 Integration Test Results

on the problemsin "4 Trig functions\4.6 Cosecant"

Test results for the 70 problemsin "4.6.0 (a csc)*m (b trg)*n.m"

Problem 1: Result more than twice size of optimal antiderivative.

JCsc [a+bx] dx

Optimal (type 3, 12leaves, 1step):
B ArcTanh[Cos[a + b x]]
b

Result (type 3, 38 leaves):
Log[Cos[i + bTX} ] Log[sin[i+ b?"]]

+

b b

Problem 3: Result more than twice size of optimal antiderivative.

JCsc[a+bx13dlx

Optimal (type 3, 34 leaves, 2 steps):
ArcTanh[Cos[a+bx]] Cot[a+bx] Csc[a+bxX]
2b 2b

Result (type 3, 75leaves):

_Csc[% (a+bx)]2 ) Log[Cos[% (a+bx)]] ) Log[Sin[% (a+bx)]] +Sec[% <a+bx)]2

8b 2b 2b 8b




2 | 4.6 Cosecant.nb

Problem 5: Result more than twice size of optimal antiderivative.
JCsc[a +bx]®dx
Optimal (type 3, 55leaves, 3 steps):

3ArcTanh[Cos[a+bx]] 3Cot[a+bx]Cscla+bx] Cot[a+bx]Csc[a+bx]3
8b 8b 4b

Result (type 3, 113 leaves):

_3Csc[%(a+bx”2_Csc[%(a+bx)}4_3Log[Cos[§(a+bx)]] 3Log[Sin[%(a+bx)]] 3Sec[%(a+bx)]2 Sec[%(a+bx)]4

+ +

32b 64b 8b 8b 32b

Problem 41: Result more than twice size of optimal antiderivative.

J(Csc[x]z)”zdlx

Optimal (type 3, 22 leaves, 3 steps):

1 1
- = ArcSinh[Cot[x]] - = Cot[x] A/ Csc[x]?
2 2

Result (type 3, 51leaves):
1

= 4/Csc[x]? (—Csc[§}2—4Log[Cos[§H +4Log[Sin[§]] +Sec[§}2] Sin[x]

8

Problem 42: Result more than twice size of optimal antiderivative.

J Csc[x]? dx

Optimal (type 3, 5leaves, 2 steps):
—-ArcSinh[Cot [x]]

Result (type 3, 28 leaves):

Csc[x]? [—Log[Cos[iH + Log[Sin[iH) Sin[x]
2 2

64 b
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Test results for the 84 problemsin "4.6.11 (e x)"m (a+b csc(c+d x*n))*p.m"

Problem 5: Result more than twice size of optimal antiderivative.
Jx (a+bCsclc+dx?]) dx
Optimal (type 3, 26 leaves, 4 steps):

ax?2 bArcTanh [Cos[c +d xz]]
2 2d

Result (type 3, 57 leaves):

sxebloglcos[£ 4] bloglsin[< . 4]

2 2d 2d

Problem 10: Result more than twice size of optimal antiderivative.

Jx3 (a+szc[c+dx2])2dlx

Optimal (type 4, 125leaves, 10 steps):

a?x* 2abx?ArcTanh[e! (<9¥)] b2x?Cot[c+dx?| b?Log[Sin[c+dx?]| iabPolylLog|2, -ei(*d¥’]] iabPolyLog|2, e!(+dx)]
- - + + -

4 d 2d 2 d? d? d?

Result (type 4, 590 leaves):
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b2 x2 Cot[c] (a+bCsc[c+dx?])?sin[c+dx?]? x? Csc| ] (a+szc[c+dx2])ZSec[§} (-2b%Cos[c] +a?dx?Sin[c]) Sin[c+dx?]
+ +
8d (b+asin[c+dx?])?

2d <b+aSin[c+dx2”2
(bZCsc[c} (a+szc[c+dx2})2 (-dx*Cos[c] +Log[Cos[dx?]| Sin[c] +Cos[c] Sin[dx?] ] Sin[c]) Sin[c+dx2]2>/
b2x2Csc[§] Csc[§+dziz] (a+szc[c+dx2])ZSin[%] Sin[c+dx2]2

+

(Zd2 (Cos[c]?+Sin[c]?) (b+aSin[c+dx?]) )+
4d<b+aSin[c+dx2”2
b2 x2 (a+szc{c+dx2])2Sec[§]Sec{§+%]sin[%}sin[c+dx2} ) 1
2 2

4d(b+aSin[c+dx2” dz(b+aSin[c+dx2])

[ -Cos[c]+Sin[c] Tan{gw ]

2ArcTan[Tan[c]] ArcTanh
C 2451 2
ab(a+szc{c+dx2])zsin[c+dx2}2 - osfe)troinie] +
\/Cos[c]ZJrSin[c}2
1 . 2 . 2
( (d x2 + ArcTan [Tan[c] ] ) (Log{l el (dx +Ar‘cTan[Tan[c]])] _ Log{l s el (dx2+ArcTan[Tan([c]]) ] ) N
1+Tan[c]?
i (PolyLog[Z, _et dx%Ar‘cTan[Tan[c]])} —PolyLog[Z, el (dx?+ArcTan[Tan [ ]])])) Sec[c]

Problem 18: Result more than twice size of optimal antiderivative.

3

j X dx
a+bCsc[c+dx?|

(c+d x?)

Optimal (type 4, 271 leaves, 11 steps):
iael (c+dx?) iael (c+dx?) iael
— b PolylLog|2, —“—— b Polylog|2,
] [ ] [ b+/ —a2+b?

. i (c+dx?) .
Lae ] lbszog[l—
b-+/ -a%+b?

jbszog[l—i
x4 b/ a2:b? b/ -a2+b?
_ + _
2aV-a%+b% d 2aV-a%+b? d? 2ay/-a?+b? d?

- +
4a 2a+/-a2+b2 d

Result (type 4, 1104 leaves):
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x* Csc|c+dx?] (b+aSin{c+dx2])

43 (a+szc[c+dx2”

{a+bTan L (c+dx?) ]

tArcTan 1 s 2
N a+b)Cot|=(-c+2-dx
: bCsc[c+dx?] — * - 2(*C+Efdxz) Ar‘cTanh[< > [2 ( ? )}]
2ad? (a+bCsc|c+dx?]) a2+ b2 aZ _ b2 2 22 b2

(a-b) Tan[ (7c+§7dx2)]

ﬁ/aszz

b .
ArcCos[-—]| - 21i

b
2 (7c +ArcCos |- — | ] ArcTanh |
a

a

] +

Ar‘cTanh[<a+b) Cot[z(—c+2—dx)}]APCTanh[(a—b) Tan[z(—c+2—dx)}] Log] VAl b e st lerdX) "
/a? - b? Va? - b? \/?\/?\/b+asin[c+dx2}
Ar‘cCos{—E}+2i ArcTanh [ 2+b) COt[;(_c+;_dX)H—Ar‘cTanh{(a_b) Tan[;(—c+;—dx)}}
a Va? - b? \aZ - b?
Log| U |- Ar‘cCos[—E]+21'1Ar‘cTanh[(a_b) Tan[;(—C+;—dX>]]]
ﬁx/a_\/b+asin[c+dx2} a v/ a? - b2

Log[1 -

(bfj\/aszz) (a+b7\/a27b2 Tan[i (c+§dx2)})]

a (a+b+\/a2—b2 Tan[% (—c+
(a-b) Tan[% (—c+§—dx2)]

(b+i\/a2—b2> <a+b—\/a2—b2 Tan[% (—c+§—dx2)])
a (a+b+\/a2—b2 Tan[i (—c+§—dx2)”

b
~ArcCos |- —| +2 i ArcTanh|

a NFar |

Log[1 -

|+

(b—j\/az—bz) <a+b—\/a2—b2 Tan[l(—c+5—dx2)])
i PolyLog[Z, 2 2 ]—
a(a+b+x/a2—b2 Tan[i(—c+§—dx2)})
(b+1’1\/a2—b2) (a+b—\/a2—b2 Tan[l(—c+1—dx2>])
PolyLog|2, 2 2 ] (b+asin[c+dx?])
a(a+b+\/a2—b2 Tan[%(—c+’2—T—dx2)]) ]]
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Problem 61: Result more than twice size of optimal antiderivative.

JCSC[W]B i
x

Optimal (type 3, 24 leaves, 3 steps):
—Ar‘cTanh[Cos{\/YH —Cot[ﬁ} Csc[\/?]

Result (type 3, 57 leaves):
Vx Vx Vx

_1csc[2f-Log[cos[fH + og[sin[ ] + %Sec[T]z

Problem 75: Unable to integrate problem.

J(ex)’l*3n (a+bCsclc+dx"]) dx

Optimal (type 4, 221 leaves, 11 steps):

a(ex)3n 2bx" (ex)3"ArcTanh[el (*dX)]  2i bx2" (ex)3"Polylog[2, —e' [<¢x"] ]
_ N _
3en den d?en

2ibx 2" (ex)3"Polylog[2, e' [<*¢X")]  2bx3" (ex)3"Polylog[3, -e' (<9X)] 2bx3" (ex)3"Polylog|[3, e’ (4] ]
- +
d’en d*en d*en

Result (type 8, 24 leaves):

J(ex)’l*3n (a+bCsc[c+dx"]) dx

Problem 77: Result more than twice size of optimal antiderivative.

J(ex)‘l*2rl (a+bCsc[c+dx"] )Zdlx

Optimal (type 4, 214 leaves, 11 steps):

aZ (ex)2" 4dabx™" (ex)Z“Ar‘cTanh[cejl (C*dxn)} b2x™ (ex)2"Cot[c+dx"]

¥
2en den den

b2 x 2" (ex)2" Log[Sin[c+dx"]] 2iabx2" (ex)2"Polylog[2, -e' (<¢X)] 2iabx2" (ex)2"PolylLog|2, el (<+dX)]

+
d’en d’en d?en

Result (type 4, 687 leaves):
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b2 x> " (ex) 2" Cot[c] (a+bCsclc+dx"] )ZSin[Cerx“]2

+

dn (b+aSin[c+dx”})2

x1-n (ex)*l*Z”Csc[ﬂ (a+szc[c+dx”})2Sec[§] (-2b2Cos[c] +a2dx"Sin[c]) Sin[c+dx"]2

+

4dn (b+aSin[c+dx”])2
(b2 x12" (e x) 12" Csc[c] (a+szc[c+dx”])2 (-dx"Cos[c] + Log[Cos[dx"] Sin[c] + Cos[c] Sin[dx"]] Sin[c]) Sin[c+dx”}2)/
b2 x1 " (ex) 12N Csc| <] Csc[§+ dz—xn} (a+szc[c+dx”])ZSin[dz—X"] Sin[c +dx"]?2

(dzn(Cos[c]2+Sin[c12) <b+aSin[c+dx”})2)+ 2 ran (bras OSE +
n +aSin[c+dx"]

b2 x1-" (e x)-1+2n (a+szc[c+dx“}>ZSec[§] Sec[§+ dz"n] Sin[dz"n] Sinfc +dx"]?2 1
N

2dn (b+aSinfc+dx"])? d*n (b+asin[c+dx"])?

dx"

[ -Cos[c]+Sin[c] Tan[y—w ]

2ArcTan[Tan[c]] ArcTanh
¢ 2451 2
2abxi2" (ex) 120 (a+szc[c+dx”])zsin{c+dx”]2 - os(c] +5in(c] N

\/Cos[c]ZJrSin[c]2

1 ( (d X" + ArcTan[Tan[c] ] ) (Log {1 _ el (dx"+ArcTan[Tan[c]])] _ Log[l + @l ([dx"+ArcTan(Tan(c]]) ] ) +

1+Tan[c]?

i (POlyLOg [2; _(e]'l (d x"+Ar~cTan[Tan[c]]) } _ POlyLOg [2, ei <d x"+ArcTan[Tan[c] 1) ] ) ) Sec [c}

Problem 78: Unable to integrate problem.

J(ex)’l*3n (a+szc[c+dx"])2d1x

Optimal (type 4, 377 leaves, 16 steps):

a? (ex)3"  ib?x ™ (ex)3" 4abx" (ex)3"ArcTanh[e! (4] ] p2xn (ex)3nCot[c+dx"]

- +
3en den den den
2b2x 2" (ex)3" Log[1-e?! (<*4X)] 4iabx2" (ex)3"Polylog[2, —e' (<¢X')] 4iabx 2" (ex)3"PolyLog|2, e (<+dx)]
+ _ _
d?en d?en d’en
ib2x3" (ex)3"PolyLog[2, e2i(*dX"]| 4abx3" (ex)3"PolylLog[3, -l (<dX"]] 4abx3" (ex)3"PolylLog|[3, e' (<+dx")]

- +
d®en d®en d®en
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Result (type 8, 26 leaves):

J(ex)’l*3n (a+szc[c+dx”])2dlx

Problem 80: Result more than twice size of optimal antiderivative.
J (ex) -1+2n dx
a+bCsclc+dx"]

Optimal (type 4, 338 leaves, 12 steps):

i i (crdx?) . i (cedx")
ibxn (ex)Z”Log[lfw] ibxn (eX)Z“Log[lfw

(e X)Zn b-~/ —a2+b? b++/ —a2+b?
+ - +
2aen av-a2+b?2 den av-a2+b% den
Lo el (codx) C o ol (cedx)
bx 2" (ex)2"PolylLog[2, ***——]| bx2" (ex)2"Polylog|2, ***——]
b-/ -a?+b? b++/ —a2+b?
aVV-a2+b? d?en aVV-a2+b? d?en

Result (type 4, 1131 leaves):
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X (ex) 2" Csc[c+dx"] (b+aSin[c+dx"]) 1
2an(a+bCsc[c+dx"]) ad’n (a+bCsclc+dx"])
HArcTan[mbTan 1—(c+dx") ]
TR a+b) Cot[L [-c+Z-dx"
bx'2" (ex) 2" Csc[c+dx"] —at? + = 2 (—c+ T _dxn ArcTanh | ( ) [2 ( 2 )} | -
e 72 2 72

(a-b) Tan[i (—c+§—dx”>

4/a2_b2

b
ArcCos|[-—]| -21i

b
2 (—c + ArcCos |- — | ] ArcTanh |
a

a

|+

a+b) Cot[® [-c+Z-dx" a-b)Tan[% [—c+Z-dx" VAl p? eyt [rerimax)
Ar‘cTanh[< ) [2( 2 ) ]7Ar'cTanh[< ) [2( 2 )}] Log| al-ble |+
\/a? - b2 a2 - b2 V2 +/a Vb+aSin[c+dx"]
a+b) Cot[® [-c+Z-dx" a-b)Tan[% [-c+Z-dx"
Ar‘cCos[fg}Jij Ar‘cTanh[( ) [2( : )HAPCTanh[( ) [2( 2 )]}J]
a Va2 -b? aZ - b?
(2 57 et (-cri-dxn) a-b)Tan[% (-c+Z_-dx"
Log[ a7 b e }— Ar‘cCos[—E}+ZjAr‘cTanh[< ) [2( 2 )]]
2 A/a Vb+aSin[c+dx"] a aZ- b2

Log[1-

(b—]’l\/az—bz) (a+b—\/a2—b2 Tan[% (—c+§—dx”)})]

a (a+b+WTanE (—c+ —dx”)”
(a-b) Tan[ (—c+

—dx”)] (b+jm) (a+b—mTan[i(—c+§—dx”)])

a (a+b+\/WTan[i (—c+§—dx”)})

~ArcCos | - E] + 21 ArcTanh| 2

a 1/asz2

]

Log[l—

]+

(bfj\/aszz) (a+b7\/a27b2 Tan[l(7c+17dx“)])
i [Polylog|2, 2 2 ] -
a(a+b+WTan[i(—c+§—dx“)])
(b+1’1\/a2—b2) (a+b—\/a2—b2 Tan{l(—c+1—dx”)])
Polylog|2, 2 2 ] (b+asin[c+dx"])
a(a+b+\/a2—b2 Tan[%(—c+’2l—dx”)]) ]]

Problem 81: Unable to integrate problem.

(ex) -1+3n
J dx
a+bCsclc+dx"]
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Optimal (type 4, 499 leaves, 14 steps):

(crdxn) ] : i(crdxn) (crdxn)

ibx " (ex)3"Log[1- 2] ibx" (ex)3"Log[1- 3¢ 2bx2" (ex)3"Polylog[2, 2=

(ex)3n b/ -a2:+b? b/ —a?+b? b/ -a2+b?
+

- +

3aen av-a?2+b% den av-aZ2+b? den av-a2+b? d’en
gl (codx) ) g el (crdx) ) {3 ol (cedx)
2bx2" (ex)3"PolylLog|2, +2&—— 2ibx3" (ex)3"PolylLog|3, 2&— 2ibx3" (ex)3"PolylLog|3, &—
[ b+/ —a2+b? ] [ b-+/ -a2+b? } [ b+/ —a2+b?
4 _
aVv-a?2+b2 d2en av-a2+b?2 d*en av-a2+b? d®en

Result (type 8, 26 leaves):

(ex) -1+3n
j dx
a+bCscl[c+dx"]

Problem 83: Result more than twice size of optimal antiderivative.

J (eX>—1+2n 4
X
(a+bCsclc+dx"])?

Optimal (type 4, 778 leaves, 23 steps):

i (c+dx") (c+dx")

ib3x ™" (ex)2"Log[1- +2¢ 2ibx™" (ex)2"Log[1- 2w

(ex)2n b~/ -a2+b? b-+/ -a?+b?

- + +
2a2en a? (-a?+b?)**den az+/-a2+b2 den
ib3xN (ex)Z“Log[l—M] 2ibx™" (ex)Z”Log[l_M
b+s/ —a2+b? bes/ -a%+b? b2x 2" (ex)2"Log[b+aSin[c+dx"]]
_ . _
az(—a2+b2)3/2den 22/ aZ:b2 den a? (a2 -b?) d?en

3 et (c+dx")

b*>x 2" (ex)2"Polylog[2, < S 2bx 2" (ex)2"Polylog[2, *

b-+/ -a?+b? b-~/ ~a%+b?
+
a? (-a?+b2)*?d?en a2+ -a2+b? d2en
b3 x 2" (ex)?2" PolyLOg[Z, iael o] 2bx 2" (ex)?n PolyLog[Z, iael[0dX)
b/ ~a2+b? b/ ~a2+b? b2 x™" (ex)2"Cos[c+dx"]
az(—a2+b2)3/2d2en a2+/—a2+b?2 d?en a(a?-b?)den (b+aSin[c+dx"])
Result (type 4, 2850 leaves):

b2 x1-n (ex)*l*Z“Csc[i] Csc[c+dx“]25ec[§] (bCos[c] +asin[dx"]) (b+aSin[c+dx"])

+

2a% (-a+b) (a+b)dn(a+bCsclc+dx"])?
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b2 x} " (ex) 12" Cot[c] Cscc+dx"]2 (b+aSin[c+dx"])?

a? (-a2+b?)dn (a+bCsclc+dx"])?

2

[ acCos[c+dx"]+i (b+aSin[c+dx"]) ]

A/ —a2+b?

2b3x12" (e x) 12" ArcTan Cot[c] Csc[c+dx"]? (b+asSin[c+dx"])

a? (a?-b?) \/-a2+b?2 d?n (a+bCsclc+dx"])?

< ArcTan [ a+bTan|t (c+dxm) ]
! 2bx*2" (e x)’l*Z"Csc[Cerx“]2 et +
(a2 - b?) dzn(aerCsc[c+dx”])2 v -a? + b2
a+b) Cot[L (-c+Z-dx" a-b)Tan[L [—c+Z _dxn
; 2[—c+£—dxn Ar‘cTanh[( ) [2( 2 )]]2(c+Ar‘cCos[b})Ar‘cTanh[ ) [2( 2 )}}Jr
32 _ p2? 2 32 _ b2 a a2 _p?
a+b)cCot[L (-c+Z-dx" a-b)Tan[Y ([—c+Z-dx"
Ar‘cCos[—E}—Zi ArcTanh | ) [2( 2 )H—Ar‘cTanh[( ) [2( 2 H}
a aZ_bZ a2_b2
[22 _ h2 *%]‘l(*c*’%*dxn)
Log| a-b’ e ]+ Ar'cCos[fg}Jr
V2 Va Vb+aSin[c+dx"] a
a+b)Cot[d [-c+Z-dxn a-b)Tan[% [-c+Z-dx" VAl g7 eyt [eridx)
21 Ar‘cTanh[< > [2( 2 M}Ar‘cTanh[ > [2( 2 H} Log[ al-b e ],
aZ - b2 aZ - b2 V2 Wa Vb+aSin[c+dx"]
Arccos | E}JrzlercTanh[ a—b)Tan[%(—c+§—dx”)]] it (b—im) (a+b—WTan[%(—c+§—dx”)])
- g[1- ]+
a a2 -_p2 a(a+b+WTan[§(—c+§—dx”)])
b a-b) Tan[l(—c+5—dx“)] (b+l'l\/asz2) <a+b—\/a2—b2 Tan[l(—c+5—dx")])
~ArcCos[- —]| +2i ArcTanh| 2 || Log[1- 2 2 |+
a a? - b? a(a+b+\/a2—b2 Tan[i(—c+§—dx”)})

(bfj\/aszz) (a+b7\/a27b2 Tan[l(7c+17dx“)])
i |PolyLog|2, 2 2 ] -
a(a+b+WTan[i(—c+§—dx”)”
(b+1’1\/a2—b2) (a+b—\/a2—b2 Tan{l(—c+1—dx”)])
PolyLog|2, 2 2 ] (b+aSin[c+dx”“2+
a(a+b+mTan[§(7c+§fdx”)])
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[a+bTan 1 (c+dx") }

7 ArcTan
! b® x12" (e x)’l*“Csc[c+dx”}2 b
a? (az—bz)dzn(a+szc[c+dx”1>2 v -a? + b2
a+b)Cot[t [-c+Z-dx a-b)Tan[% [-c+Z-dx"
_r 2[—c+z—dxn ArcTanh | ) [2 ( 2 )]]—2(—c+Ar‘cCos[—b})Ar‘cTanh[ ) [2 ( 2 )H+
Va2 -b? 2 a’-b? a a?-b?
a+b)Cot|[L [—c+Z_dxn a-b)Tan[L [-c+Z_-dxn
Ar'cCos[fg} 21 Ar‘cTanh[( ) [2 ( 2 ) }7Ar‘cTanh[( ) [2 ( 2 H }]]
a a27b2 a27b2
Vatop? e rt [i] b
Log| | + |ArcCos |- =] +
2 W/a Vb+aSin[c+dx"] a
a+b) Cot[t [-c+Z-dx" a-b)Tan[t [-c+Z-dx" V3 B sl (eridx)

21 Ar‘cTanh[< > {2( 2 H}—Ar‘cTanh[ > {2( 2 H} Log| at-b” e : ] -
a2 - b2 a2 - b2 V2 W/a Vb+aSin[c+dx"]
a-b)Tan[t [-c+Z-dx" b-i+va2-b?| [a+b-+aZ-b? Tan[® [-c+Z-dx"

Ar‘cCos[—E}+ZiAr‘cTanh[ ) [2( 2 H] Log[l—( ) ( [2( 2 H)
a a2 - b2 a(a+b+WTan[§(—c+§—dx”)])
b a-b) Tan[l(—c+1—dx”)] (b+i\/a2—b2> <a+b—\/a2—b2 Tan[l(—c+1—dx”)])
-ArcCos |- —] +2 i ArcTanh| 2 || Log[1 2 2 |+
a a?-b? a(a+b+\/a2—b2 Tan[%(—c+§—dx”)})

(b—j\/az—bz) <a+b—\/a2—b2 Tan[l(—c+5—dx“)])
i PolyLog[Z, 2 2 ]—
a(a+b+WTan[i(—c+§—dx”H)
(b+1’1\/a2—b2) (a+b—\/a2—b2 Tan[l(—c+1—dx”>])
Polylog|2, 2 2 ] (b+aSin[c+dx“”2+
a(a+b+WTan[§(—c+§—dx”)])

(xl’” (ex)’l*Z“Csc{E] Csc[c+dx”]25ec[£} (-2b%Cos[c] +a®dx"Sin[c] -b>d X" Sin[c]) (b+aSin{c+dx“”2)/
2 2

(4a2 (a-b)
(a+b)dn (a+szc[c+dx”])2) +
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b2 x 2" (ex) 2" Csc[c] Csc[c+dx'"}2 ~adx"Cos[c] +alog[b+aCos|[dx"| Sin[c] +aCos[c] Sin[dx"]|| Sin[c] +

dx"

Al | cosic]
\/—b2+a2C05[c]2+aZSin[c]2 (b L asin [C +d Xn] )2 /

\/—bZJraZCos[c]ZJra2 Sin[c]?

. iacCos[c]-i (-b+aSin[c]) Tan{
2iabArcTan|

2

(a (a*>-b%) d®>n (a+bCsc[c+dx"]) (aZCos[c]2+aZSin[c]2))

Problem 84: Unable to integrate problem.

J\ (ex>71+3n ax
(a+bCsclc+dx"])?

Optimal (type 4, 1417 leaves, 32 steps):

i(c+dx") i (c+dx")
2b2x’2”(ex)3”Log[1+M] szx—2n<ex)3nLog[1+M
(ex)3"  1b%2x ™" (ex)3" ib-+/a?-b? i binf a2 b?
_ + + _
3a?en a?(a?-b?)den a? (a®-b?) d’en a? (a®-b?) d’en
: i (c+dx") : i(c+dx") : i (c+dx®
ib3x™" <ex>3n|_og{17%] 2ibx™" (EX)3nLOg[17M} ib3x™ (ex>3n|_og[1iw
b-+/ -a2+b? b-+/ -a2+b? b++/ —a2+b?
+ + -
az(—a2+b2)3/2den a2+/_a2+b% den az(—a2+b2)3/2den

i (c+dx") ] i(cdx") ] i(cedxn)

2ibx™" (ex)3"Log[1- +2¢ 21ib2x 3" (ex)3"Polylog[2, - ¢

b++/ —a2+b? ib-4/ a2-b?

2ib2x 3" (ex)3"Polylog[2, - ¢

]ib+\/m]

a2+/_a2+b2 den a? (a®-b?) d®en a? (a®-b?) d®en
et (ced) C o (cedxn) i (cedxn)
2b*x 2" (ex)3" Polylog|2, M} 4bx 2" (ex)3"Polylog[2, ***——]| 2b3x2" (ex)3"Polylog|2, ***—r
b-~/ -a2+b? b-+/ -a?+b? b4~/ —a2+b?
+ + -
a? (-a?+b2)*?d2en a2\/-a2+b? d2en a? (-a?+b2)*?d2en
(gl (cdx) iael (cedx) iael (cedx)

4bx2n (ex)3”PolyLog[2, = 2ib3x3n (ex)3“PolyLog[3, 41ibx3n (ex)3“PolyLog[3,

b+/ —a2+b? b-+/ -a2+b? b-+/ -a2+b?

_ . .
a2+ _-aZ+b? d2en az(—a2+b2)3/2d3en a2+/-a2+b? d3en
21 b>x3" (ex)3"PolyLog|3, 7“@”0(1%)] 4ibx3" (ex)3"Polylog|3, 1aef (orde)

bes/ -a%+b? bes/ -a%+b? b2 x ™" (ex)3"Cos[c+dx"]

az(—a2+b2)3/2d3en a2+/—a2+b2 d®en a(a?-b*)den (b+asin[c+dx"])
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Result (type 8, 26 leaves):

J (ex)—1+3n dx
(a+szc[c+dx”])2

Test results for the 59 problemsin "4.6.1.2 (d c¢sc)*n (a+b csc)*m.m"

Problem 1: Result more than twice size of optimal antiderivative.

Csc[x]?

J e ax

a+aCsc[x]

Optimal (type 3, 55leaves, 6 steps):

3ArcTanh[Cos[x]] 4Cot[x] 4Cot[x]3 3Cot[x]Csc[x] Cot[x] Csc[x]3
- - +

N
2a a 3a 2a a+aCsc[x]

Result (type 3, 113 leaves):
1

24 a

X X 12 X X X2 L X4 4851n[§}
-20Cot|[ =] +3Csc[~|" +36Log[Cos|[~]]| -36Log[Sin[~]]-3Sec|—]| +8Csc[x]*Sin[—]| +
2 2 2

2

1 X4 X
- = Csc[ =] sin[x] +20Tan|~|
2 2 Cos[ﬂ+sin[§] 2 2 2

Problem 3: Result more than twice size of optimal antiderivative.
3
J Csc[x] dx
a+aCsc[x]
Optimal (type 3, 27 leaves, 4 steps):
ArcTanh[Cos[x]] Cot[x] Cot [X]

a a a+aCsc[x]

Result (type 3, 63 leaves):

co 2] sin 1]

2

~cot[%] + 2 Log[cos | %] ] - 2tog[sin[%]] + —El_ . ran[z]

X X X
2 2 2

2a



Problem 4: Result more than twice size of optimal antiderivative.

2
J Csc[x] dx

a+aCsc[x]

Optimal (type 3, 20leaves, 3 steps):
ArcTanh[Cos [x] ] Cot [X]
- +

a a+alCsc[x]

Result (type 3, 44 leaves):
—Log[Cos[ﬂ | +Log[sin[*]] - _esi]

X
2 Cos[ﬂ +Sin[:—}

a

Problem 5: Result more than twice size of optimal antiderivative.
J Csc[x] .
a+adCsc[x]

Optimal (type 3, 12leaves, 1 step):
Cot [X]

a+alCsc[x]

Result (type 3, 26 leaves):
2sin[ ]

a (Cos[ﬂ +Sin[§]>

Problem 17: Result more than twice size of optimal antiderivative.

J ! dx
(a+acCscix])??

Optimal (type 3, 81 leaves, 6 steps):
2Ar‘cTan[L‘—La Cotixl ] 5Ar‘cTan[4L‘—‘—a Lot x

\ a+aCsc[x] \2 +/a+aCsc[x] Cot [x]
- + +
a’? 2+/2 a3 2 (a+aCsc[x])*?

Result (type 3, 165leaves):

4.6 Cosecant.nb | 15
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(cOs[g] +Sin[§]]

(Z—ZCSC[X] +4ArcTan[_2+ V1r+Cscix] | V-1+Csc[x] (1+Cscx]) -4Ar«cTan[2+ 1+Csclx] | V-1+Cscx] (1+Cscix]) +
V-1+Csc[x] V-1+Csc[X]
SﬁArcTan[L] /-1 +Csc[x] Csc[x] Cos[§]+sin[i]]2]]/(4 (a (1+Cscix]))?? (Cos[i]sin[i]]”
\/-1+Csc[x] 2 2 2 2

Problem 19: Result more than twice size of optimal antiderivative.

J\/Csc[eﬁ:x] Ja+aCscle+fx] dx

Optimal (type 3, 37 leaves, 2 steps):
2+/a ArcSinh[ L2 Cotlefxl |

a+aCscle+f x]

.F

Result (type 3, 108 leaves):

2Cot[e+fx] Ja (1+Cscle+fx])

('F\/COt[e+'FX]2 \/1+Cscle+fx]

Log[1+Cscle+fx]] -Log[VCsc[e+fx] +Cscle+Ffx]?2+/Cot[e+fx]? +/1+Cscle+fx] ]))/

Problem 20: Result more than twice size of optimal antiderivative.

J\/—CSC[E+‘FX] va-aCscle+fx] dx

Optimal (type 3, 38 leaves, 2 steps):
2 \/;Ar‘csinh[m]

a-aCscle+fx]

.F

Result (type 3, 116 leaves):
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/

2+/-Cscle+fx] Va-aCsc[e+fx] Tan[l(eﬂcx)]

Ar‘cSinh[Tan[1 (e+fx)]] +Log[1+\/5ec[1 (e+fx)]2 ] —Log[Tan[% (e+fx)]]

2 2 2
1 1
f\/Sec[ (e+FxH2 (71+Tan[f (e+Fx)]
2 2
Problem 21: Result unnecessarily involves higher level functions.
JCsc[c+dx14/3\/a+aCsc[c+dx] dx
Optimal (type 4, 254 leaves, 4 steps):
6aCos[c+dx] Csc[c+dx]*?3 1+Csclc+dx]Y¥3+Csc[c+dx]?/3
- -4 3%%4/2+4/3 a’Cot[c+dx] (1-Csclc+dx]?)
5d+/a+aCsclc+dx] (1+\E—Csc[c+dx}1/3)z
_ _ 1/3 _ 1/3
Ellip‘cicF[Ar‘cSin[1 V3 -Csclcrdx] |, -7-4+/3] / 5d 1-Cscle+dx] (a-aCsclc+dx])Va+aCsc[c+dx]
1++/3 -Csclc+dx]1/3 (1+\/?—Csc[c+dx]1/3)2
Result (type 5, 102 leaves):
—([2\/a (1+Csclc+dx]) 3Csc[c+dx]1/3+2Hyper‘geometr‘ic2F1[l, E, i, 1—Csc[c+dx]]) (Cos[l (c+dx)] —Sin[l (c+dx)] ]/
2 3 2 2 2

(Sd (Cos[% (c+dx)] +Sin[§ (c+dx”)]]

Problem 22: Result unnecessarily involves higher level functions.

JCsc[c+dx}1/3\/a+aCsc[c+dx] dx

Optimal (type 4, 213 leaves, 3 steps):
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1+Csclc+dx]¥3+Csc[c+dx]??3

(1+\/?—Csc[c+dx}1/3)2

|2 24 EoTE scotic e dnt (1-cscic e dn)

1-+/3 -Csc[c+dx]13 1-Csc[c+dx]1/3
V_ [c+dX] },—7—4\/?}/d [c+dX]

EllipticF [ArcSin| ;
1++/3 -Csc[c+dx]/3 (1+\/_—Csc[c+dx]1/3)

a-aCsclc+dx])Va+aCsc[c+dx]

Result (type 5, 46 leaves):

2aCot[c+dx] Hyper‘geometr‘icZFl[%, %, %, 1-Csclc+dx]]

d\/a (1+Csclc+dx])

Problem 23: Result unnecessarily involves higher level functions.

dx

J\/a+aCsc[c+dx}

Csc[c+dx]?/3

Optimal (type 4, 254 leaves, 4 steps):

3aCos[c+dx] Csc[c+dx]3 1+Csclc+dx]¥3+Csclc+dx]?/3
- [c+dx] [crdx] 77 3¥44/2++/3 a*Cot[c+dx] (1-Csc[c+dx]?) - [crdx] 77+ [c+ 2]
2d+/a+aCsc[c+dx] (1+\/3 —Csc[c+dx]1/3)

1-+/3 —Csc[c+dx]/3

EllipticF [ArcSin|
1++/3 —Csc[c+dx]/3

~ 1/3
|, -7-4+/3] / 2d 1-Cscle+dx] (a-aCsclc+dx])Va+aCsc[c+dx]
(1+\/?—Csc[c+dx]1/3)2

Result (type 5, 110leaves):

, = 1-Csclc+dx]]

1
- ( [\/a (1+Csclc+dx]) [3 +Csc[c+dx]?3Hypergeometric2F1[ =,
2

w N

Cos[% (c+dx) ] —Sin[% (c+dx) ]

|/

3
2

(2dCsc[c+dX]2/3 (Cos[i (c+dx)] +Sin[§ (c+dx)]))]

Problem 24: Result unnecessarily involves higher level functions.

JCsc[c+dx}5/3\/a+aCsc[c+dx] dx

Optimal (type 4, 514 leaves, 6 steps):
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24 aCot[c+dx] 6acCos[c+dx] Csc[c+dx]>3

7d (1+ﬁ7Csc[c+dx]1/3) va+aCsclc+dx] 7d~+/a+aCsc[c+dx]

1+Csc[c+dx]Y3+Csc[c+dx]?3
12 3Y4+/2-+/3 a?Cot[c+dx] (1-Csclc+dx]Y3) |~ lcrdx]77+Cscler 2]
(1+\/3 7Csc[c+dx}1/3)

1-+/3 -Csc[c+dx]1/3
1++/3 —Csc[c+dx]/3

1-Csc[c+dx]/3

(1+\/?—Csc[c+dx]1/3)2

EllipticE[ArcSin| |, -7-4+/3] / 7d

(a-aCsclc+dx])Va+aCsc[c+dx] |+

1+C dx]3c dx]2/3 1-/3 -¢ dx]13
82 3/“a2 Cot[c+dx] (1-Csclc+dx]??) | ooCler @77 rEselCr@XIT7 pyyyptice [arcsin| V3 - Csclerdx] ],7774\/?]/
(1+\F7Csc[c+dx]1/3)2 1++/3 —Csc[c+dx]/3
1-Csc[c+dx]3
7d 5 (a-aCsc[c+dx])a+aCsclc+dx]
(1+\/?—Csc[c+dx}1/3)
Result (type 5, 102 leaves):
. 11 3 1 1
—([2\/a (1+Csclc+dx]) [3Csc[c+dx]2/3+4Hyper‘geometr‘1c2F1[—, =, —,1—Csc[c+dx]]) (Cos[—(c+dx)]—$1n[—(c+dx” ]/
3 2 2 2 2

(7d (Cos[1 (c+dx)] +Sin[l (c+dx”)]]

2 2

Problem 25: Result unnecessarily involves higher level functions.

JCsc[c+dx}2/3\/a+aCsc[c+dx] dx

Optimal (type 4, 470 leaves, 5steps):
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6aCot[c+dx] 1+Csclc+dx]¥3+Csclc+dx]?/3

~ |3 3V44/2-+/3 a’cCot[c+dx] (1-Csclc+dx]*3)
d(1+\/?—Csc[c+dx]1/3)\/a+aCsc[c+dx] (1+\/_—Csc[c+dx]1/32

1-+/3 -Csc[c+dx]/3
1++/3 -Csc[c+dx]/3

1-Csc[c+dx]1/3

(1+\/?—Csc[c+dx]1/3)2

EllipticE[ArcSin| a-aCsclc+dx])Va+aCsc[c+dx] |+

|, -7-4+/3] / d

1+Csc[c+dx]¥3+Csc[c+dx]??3

1-+/3 -Csclc+dx]3
EllipticF [ArcSin| V3 [c+dx]

2+/2 334 a2 Cot[c +dx] (1-Csclc+dx]'3)
(1+\/_—Csc[c+dx]1/3)2 1++/3 -Csclc+dx]Y/3

|, -7-4+/3] /

1-Csclc+dx]1/3
d (a-aCsclc+dx]) Va+aCsc[c+dx]

(1+x/?-Csc[c+dx11/3)2

Result (type 5, 85leaves):

)

1
- ([2 \/a (1+Csclc+dx]) HypergeometricZFl[;,
& )

Problem 26: Result unnecessarily involves higher level functions.

, 1-Csclc+dx]] [Cos]|

(c+dx)] —Sin[% (c+dx”)]/

N |

N R
N W

Cos[~ (c+dx) | +Sin[§ (c+dx)]

1
2

J\/a+aCsc[c+dx1

Csc[c+dx]2/3

dx

Optimal (type 4, 508 leaves, 6 steps):
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3acCot[c+dx] 3aCos[c+dx] Cscl[c+dx]?/3

+

d (1+W7Csc[c+dx}1/3> vJa+aCsclc+dx] dva+aCsc[c+dx]

1+Csc[c+dx]¥3+Csc[c+dx]?/3
3 3Y4+/2-4/3 a?Cot[c+dx] (1-Csclc+dx]V3) | = [crdx]77+Cscler ZJ
(1+x/3 7Csc[c+dx]1/3)

1-+/3 -Csc[c+dx]1/3
1++/3 —Csc[c+dx]/3

1-Csc[c+dx]/3

(1+\/?—Csc[c+dx]1/3)2

EllipticE[ArcSin| |, -7-4+/3] / 2d

(a-aCsclc+dx])Va+aCsc[c+dx] |-

1+Csc[c+dx]Y¥3+Csc[c+dx]?/3 1-+/3 -Csc[c+dx]1/3
. [c+dx]77+ [c+dX] EllipticF [ArcSin| \El [c+dX]

(1+\/?7Csc[c+dx]1/3)2 1++/3 -Csclc+dx]?/3

V2 3**a2Cot[c+dx] (1-Csclc+dx]¥?)

|, -7-4v3]|/

1-Cscl[c+dx]Y3
d (a-aCsclc+dx]) Va+aCsc[c+dx]

(1+\E—Csc[c+dx]1/3)2

Result (type 5, 66 leaves):

1

~3acCos[c+dx] Csc[c+dx]2?3+aCot[c+dx] Hyper‘geometr‘icZFl[i, . %, 1-Csclc+dx]]

d\/a (1+Csclc+dx])

Problem 27: Result unnecessarily involves higher level functions.

dx

J\/a+aCsc[c+dx}

Csc[c+dx]??3

Optimal (type 4, 552 leaves, 7 steps):
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15acCot[c +dx] 3acCos[c+dx]

8d (1+\57Csc[c+dx}1/3) vJa+aCsc[c+dx] 4dCsc[c+dx]¥3+a+aCsclc+dx]

15aCos[c+dx] Csc[c+dx]?/3 1+Csc[c+dx]¥3+Csc[c+dx]?/3

+]15 . 3%44/2-+/3 a’Cot[c+dx] (1-Csclc+dx]¥?)

8d+a+aCsc[c+dx] (1+\/?7Csc[c+dx}1/3)2

1-+/3 -Csc[c+dx]1/3
1++/3 -Csclc+dx]/3

1-Csclc+dx]1/3

(1+\/?—Csc[c+dx}1/3)2

EllipticE[ArcSin| |, -7-4+/3] / 16d

(a-aCsclc+dx])Va+aCsc[c+dx] |-

1+Csc[c+dx]¥3+Csc[c+dx]?/3 1-+/3 -Csc[c+dx]1/3
: [c+dx] . e+ } EllipticF[Ar‘cSin[ El [c+dx]

(1+\/?—Csc[c+dx11/3)2 1+4/3 -Csc[c+dx]?/3

5 3*%a’Cot[c+dx] (1-Csclc+dx]'?)

|, -7-av3]|/

1-Csclc+dx]1/3

(1+\/?—Csc[c+dx11/3)2

4-+/2 d

(a-aCsc[c+dx])a+aCsclc+dx]

Result (type 5, 118leaves):

1 2/3

Cos[% (c+dx)] 7Sin[§ (c+dx)]

aCsc[c+dx]

Sd\/a (1+Csclc+dx])

(Cos[l (c+dx)] +Sin[1 (c+dx)]

13 . 1 1 3 X
-15+5Csc[c +dx] 3 Hypergeometric2F1| ~, —, ~, 1-Csc[c+dx]] -6Sin[c+dx]
2 2

3 2 2

Problem 33: Unable to integrate problem.

J(a+aCsc[e+-Fx])’"d1x

Optimal (type 6, 84 leaves, 3 steps):

,([\EAppellFl[l+m, 1, 1, i+m, 1 (1+Cscle+fx]), 1+Cscle+fx]] Cotle+fx] (a+aCsc[e+-Fx])'"]/ (f(1+2m) \1-Cscle+fx] )J
2 2 2 2

Result (type 8, 14 leaves):

J(a+aCsc[e+~Fx])mdlx
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Problem 34: Unable to integrate problem.
J(a+aCsc[e+-Fx])"'Sin[e+-Fx] dx

Optimal (type 6, 83 leaves, 3 steps):

\/TAppellFl[%er, %, 2, §+m, % (1+Cscle+fx]), 1+Cscle+fx]] Cot[e+Ffx] (a+aCscle+Ffx])"

f(1+2m)/1-Cscle+fx]

Result (type 8, 21 leaves):

J(a+aCsc[e+Fx])mSin[e+fx] dx

Problem 35: Unable to integrate problem.

j(a+aCsc[e+-Fx])"‘Sin[e+fx]2d1x

Optimal (type 6, 84 leaves, 3 steps):

,([\EAppellFl[l+m, 1, 3, 3+m, 1 (1+Cscle+fx]), 1+Cscle+fx]] Cotle+fx] (a+aCsc[e+-Fx])"‘]/ (f (1+2m) v/1-Cscle+fx] ))
2 2 2 2

Result (type 8, 23 leaves):

J(a+aCsc[e+-Fx])"'Sin[e+-Fx]2d1x

Problem 36: Result more than twice size of optimal antiderivative.
J(a+szc[c+dx])4dlx
Optimal (type 3, 107 leaves, 6 steps):

2ab (2a?+b?) ArcTanh[Cos[c+dx]] b2 (17a%*+2b?) Cot[c+dx] 4ab3Cot[c+dx] Csc[c+dx] b2Cot[c+dXx] (a+szc[c+dx1)2
d 3d 3d 3d

a* x

Result (type 3, 568 leaves):
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a* (c+dx) (a+szc[c+dx])4Sin[c+dx}4+ (—9a2b2Cos[§ (c+dx)] —b‘%os[% (c+dx>]) Csc[% (c+dx) ] (a+szc[c+dx])4Sin[c+dx]4_

d(b+asinfc+dx])* 3d (b+raSinfc+dx])*

ab3Csc[i (c+dx)]2 (a+bCsclc+dx])*Sin[c+dx]* b4Cot[i (c+dx)]Csc[i (c+dx)}2 (a+bCsclc+dx])*Sin[c+dx]*

2d (b+asSinfc+dx])* 24d (b+asinfc+dx])*

2 (2ab+ab®) (a+bCsclc+dx])*Log[Cos[® (c+dx)]]sSin[c+dx]*

+

2 (2ab+ab®) (a+bCsclc+dx])*Log[sin[® (c+dx)]]|Sin[c+dx]* ab? (a+szc[c+dx])4Sec[i (c+dx)]zsin[c+dx]4

+ +

2d (b+aSinfc+dx])*

[
d(b+asin[c+dx])
[
)

d(b+asinfc+dx]

(a+szc[c+dx])4Sec[i (c+dx) ] (Qazbzsin[i (c+dx) ] +b4Sin[§ (c+dx)]) Sinfc+dx]*

+

3d (b+aSinfc+dx])*

b% (a+szc[c+dx}>4Sec[§ (c+dx”2sin[c+dx]4Tan[i (c+dx)]

24d (b+asin(c+dx])*

Problem 37: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx])3dlx
Optimal (type 3, 73 leaves, 5steps):

b(6a2+b2)Ar‘cTanh[Cos[c+dx}] S5ab2Cot[c+dx] b?Cot[c+dx] (a+szc[c+dx})
2d 2d 2d

3

a” X -

Result (type 3, 152 leaves):

id 8a3’c+8a3‘dx712ab2Cot[1 (c+dx)] 7b3Csc[1 (c+dx)]2724a2bLog[Cos[l (c+dx)]] 74b3Log[Cos[l (c+dx)]]+
8 2 2 2 2

24a2bLog[Sin[1 (c+dx)]] +4b3Log[Sin[1 (c+dx)]] +b3Sec[1 (c+dx)]2+12ab2Tan[1 (c+dx)]
2 2 2 2

Problem 38: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx])2dlx

Optimal (type 3, 34 leaves, 4 steps):
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2abArcTanh[Cos[c+dx]] b2Cot[c+dx]
d d

a?x

Result (type 3, 76 leaves):

id[—bZCot[l (c+dx)]+2a ac+adx—2bLog[Cos[1 (c+dx)]] +2bLog[Sin[l (c+dx)]] +b2Tan[1 (c+dx)]
2 2 2 2 2

Problem 52: Result more than twice size of optimal antiderivative.

1
j dx
3+5Csc[c+dx]

Optimal (type 3, 31leaves, 2 steps):

5 ArcTan | _coslerdxl]

X 3+Sin[c+d x|

12 6d

Result (type 3, 66 leaves):

2(Cos“—(mdx)%sin“—(c+dx)H
2 (C+dX) _SAPCTan{ Cos{;—(mdx)}—sin[%(c+dx)} ]

6d

Problem 54: Unable to integrate problem.
JCSC[E-%—'FX}B (a+bCscle+fx])"dx
Optimal (type 6, 274 leaves, 8 steps):

Cot[e+fx] (a+bCscle+fx])""
bf (2+m)

a+bCscle+fXx]

b(1-C f
,1(1—Csc[e+fx]), ( scler X”]Cot[emcx] (a+bCscle+fx])"
2 a+b a+b

b (1—Csc[e+fx])]

N |

b _1_m)

3

(\/Ta (a+b) AppellF1|

N |
N W

¥

(1-Cscle+fx]),

(bz-F (2+m) V1+Cscle+fx] )7

N2 (a®+b* (1+m)) AppellFl[l, E, -m, —,
2 2 2

N |

a+b

a+bCscle+fx]

Cot[e + fX] (a+szc[e+Fx])"‘(

m]/ (b21C (2+m) V/1+Cscle+fx] )

a+b

Result (type 8, 23 leaves):
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JCsc[ewa}3 (a+bCscle+fx])"dx

Problem 55: Unable to integrate problem.

JCSC[E-%—'FX}Z (a+bCscle+fx])"dx

Optimal (type 6, 220 leaves, 7 steps):

1 11 3 1 b (1-Cscle+fx]
- \/?(a+b)AppellF1[f, —,-1-m, =, = (1-Cscle+fXx]), ( >]
bf+/1+Cscle+fx] 2 2 2 2 a+b
n(@a+bCscle+fx] )™ 1
Cot[e+fx] (a+bCscle+fx]) +
a+b bf+/1+Cscle+fx]

b(l—Csc[e+Fx]) a+bCscle+fx]\™

1 1 3 1
V2 aAppellF1|—, =, -m, =, = (1-Csc[e+fx]), | Cot[e+fx] (a+bCscle+Ffx])"
2 2 2 2 a+b a+b

Result (type 8, 23 leaves):

JCSC[E-%—'FX}Z (a+bCscle+fx])"dx

Problem 56: Unable to integrate problem.

stc[eH:x} (a+bCscle+Fx])"dx

Optimal (type 6, 104 leaves, 3 steps):

1 a+bCscje+fx] ™"

3

3 1 b (1-Cscle+fx])
, -m, =, = (1-Cscle+fx]), | Cot[e+fx] (a+bCscle+Ffx])"
2

1
V2 AppellF1]|
2 a+b a+b

2

N | R

f+/1+Cscle+fx]

Result (type 8, 21 leaves):

JCSC[E-%—'FX] (a+bCscle+fx])"dx



Test results for the 16 problemsin "4.6.1.3 (d cos)"n (a+b csc)*m.m"

Problem 6: Result more than twice size of optimal antiderivative.

2
J Sec[Xx] dx

a+aCsc[x]

Optimal (type 3, 23 leaves, 6 steps):
Sec[x]3® Tan[x]?3

3a 3a

Result (type 3, 56 leaves):
-3+ Cos[2x] -2Sin[x] +Cos[x] (1+Sin[x])

6 [cos 3] -sin[]) [cos[ ] +sin[3])’

Problem 8: Result more than twice size of optimal antiderivative.

4
J Sec[Xx] dx

a+aCsc[x]

Optimal (type 3, 34 leaves, 7 steps):

Sec[x]® Tan[x]?® Tan[x]®

5a 3a 5a
Result (type 3, 85leaves):

—((—240+54Cos[x1 +32C0s[2x] +18Cos[3x] +16Cos[4x] -96Sin[x] +18Sin[2x] -32Sin[3 x] +9$in[4x])/

(960a (COS[E] —Sin[f})3 (cos[i] +Sin[5]]5)

2 2 2

Test results for the 23 problemsin "4.6.1.4 (d cot)n (a+b csc)*m.m"

Problem 1: Result more than twice size of optimal antiderivative.

4
J Tan[x] dx

a+aCsc[x]

Optimal (type 3, 55leaves, 5 steps):
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x (15-8Csc[x]) Tan[x] (5-4Csc[x]) Tan[x]® (1-Csc[x]) Tan[x]>

— + _

a 15a 15a 5a

Result (type 3, 111 leaves):
(200+6 (—89+120x) Cos[x] +128Cos[2x] -178Cos[3x] +240xCos[3x] +184 Cos[4x] -64Sin[x] -178Sin[2X] +
X X)\3 X X \5
240 xSin[2x] - 128Sin[3x] - 89 Sin[4 ] +12@x51n[4x])/ (960a [COS[—] -Sin[—]) [COS[—] +Sin[—]) )
2 2 2 2

Problem 5: Result more than twice size of optimal antiderivative.
j Cot [x] dx
a+aCsc[x]

Optimal (type 3, 9leaves, 2 steps):
Log[1+Sin[x]]

a

Result (type 3, 19leaves):
2Log[Cos[*] +sin[*]]

X X
2 2

a

Problem 7: Result more than twice size of optimal antiderivative.

3
J Cot [x] dx

a+aCsc[x]

Optimal (type 3, 16 leaves, 3 steps):
- Csc[X] - Log[Sin[x]]

a a

Result (type 3, 35leaves):

COt[f] ~ Log[Sin(x]] Tan[ﬂ

2a a 2a

Problem 8: Result more than twice size of optimal antiderivative.

4
J Cot [x] dx

a+aCsc[x]

Optimal (type 3, 31leaves, 4 steps):



ArcTanh[Cos[x]] Cot[x] (2-Csc[x])
+ +

2a 2a

X
a

Result (type 3, 90leaves):
x Cot[ﬂ Csc[f]2

-+ + + -

a 2a 8a 2a 2a 8a 2a

LOg[COS[fﬂ_Log[Sin[fH Sec[f]2 Tan[ ]

Problem 9: Result more than twice size of optimal antiderivative.

Cot[x]5

Jidlx

a+aCsc[x]

Optimal (type 3, 36 leaves, 3 steps):

Csc[x] Csc[x]? Csc[x]?® Log[Sin[x]]
+

i _
a 2a 3a a

Result (type 3, 106 leaves):

5Cot[§] Csc[f]2 Cot[f]Csc[ﬂz Log[Sin[x]] Sec[f]2 5Tan[§] Sec[f]zTan[f]
+ + +

+ —

12 a 8a 24 a a 8a 12 a

Problem 10: Result more than twice size of optimal antiderivative.

Cot[x]®

Jidlx
a+aCsc[x]

Optimal (type 3, 49 leaves, 5 steps):
X 3ArcTanh [Cos [X] ] Cot[x]® (4-3Csc[x]) Cot[x] (8-3Csc[x])

a 8a 12 a 8a

Result (type 3, 163 leaves):

2

X X
2 2
+ +

X_2Cot[] 5Csc[§]2 Cot | ]Csc[ﬁz Csc[f]d'_BLog[Cos[iH 3 Log|[sin|*]]

5 Sec|

X
2

Sec|* 4

2Tan[§]
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Sec[?]zTan[f]

N
a 3a 32a 24 a 64 a 8 a

Problem 11: Result more than twice size of optimal antiderivative.
J Cot[x]7 dx
a+aCsc[x]

Optimal (type 3, 58 leaves, 3 steps):

8 a

32a

64 a

3a

24 a
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Cscix] Csc[x]? 2Csc[x]® Csc[x]* ) Csc[x]? ~ Log([Sin[x]]

a a 3a 4a 5a a

Result (type 3, 179 leaves):

_89Cot[§] ) 7Csc|x]? ) 31Cot [ ] Csc[*]? ) csc[*]* ) Cot[*] csc[x]* )
240 a 32a 480 a 64 a 160 a
Log[Sin[x]] 7Sec[§]2 Sec[§]4 89Tan[§] 3lsec[§}2Tan[§] Sec[i]ATan[ﬂ
_ N _ . _
a 32a 64 a 240 a 480 a 160 a

Problem 12: Result unnecessarily involves imaginary or complex numbers.

5
J Tan[X] dx

a+bCsc[x]

Optimal (type 3, 178 leaves, 3 steps):
1 5a+7b 1 5a-7b
16 (a+b) (1—Csc[x})2+16<a+b>2 (1-Cscix]) +16<a—b) (1+Csc[x]>2+16 (a—b)2 (1+Cscix])
(8a?+2lab+15b%) Log[1-Csc[x]] (8a?-2lab+15b?) Log[l+Csc[x]] . b® Log[a+bCsc[x]] Log[Sin[x]]

16<a+b)3 16(a—b)3 a(az—bz)3 a

Result (type 3, 301 leaves):

1 Cseix] 32i (a®-3a*b?+3ab*) x 2i (8a?-2lab+15b%) ArcTan[Cot[x]] 2i (8a?+21ab+15b?) ArcTan[Cot[x]]
sc[x] |- - - .
16 (a+bCsc[x]) (a—b)3<a+b>3 (a—b)3 (a+b)3
(8a2-21ab+15b?) Log[(COS[§]+Sin[§})2] (8a2+21ab+15b) Log[1-Sin[x]] 16b¢Log[b+a Sin[x]]
- + +
(-a+b)? (a+b)? a (a?-b2)?
1 1 -7a+9b 7a+9b )
) . + (b+asin[x])
(a+b) (Cos[i]—sin[ﬂ)4 (a-b) (Cos[§}+sin[ﬂ)4 (a—b)Z(Cos[§]+sin[§”2 (a+b)? (-1+sin(x])

Problem 17: Result more than twice size of optimal antiderivative.

5
J Cot [x] dx

a+bCsc[x]

Optimal (type 3, 72leaves, 3 steps):
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(a?2-2b?) Csc[x] aCsc[x]? Csc[x]? (az—bz)ZLog[a+bCSC[XH Log[Sin[x]]
- + - + +

b3 2 b? 3b ab? a

Result (type 3, 179leaves):

1
48 a b*
X X 42 . . . .
((—24a3b+44a b®) Cot[ =] +6a>b”>Csc| | -48a"Log[Sin[x]] + 96 a’ b Log[Sin[x]] +48a" Log[b+aSin[x]] - 963’ b’ Log[b +aSin[x]] +
2 2
X X X X X
48 b* Log[b+aSin[x]] +6a2bZSec[—]Z—16ab3Csc[x]3Sin[—}4—ab3Csc[—]45in[x] -24a’bTan|[~]| +44a b3Tan[—]]
2 2 2 2 2

Problem 18: Result more than twice size of optimal antiderivative.

7
J Cot [x] dx

a+bCsc[x]
Optimal (type 3, 122leaves, 3 steps):

(a*-3a%b?+3b*) Csc[x] a (a?-3b?) Csc[x]? (a?-3b?)Csc[x]® acCsc[x]* Csc[x]® (az_b2)3Log[a+szc[x]1 Log[Sin[x]]
- + - + - + -

b° 2b* 3b3 4 b2 5b abb
Result (type 3, 343 leaves):
1
960 a b®

a

X X
[4ab (120 a* - 340 2% b® + 369 b*) Cot [ —| - 30a”b* (4a° - 11b?) Csc[*]z +960 a® Log[Sin[x]] - 2880 a* b% Log[Sin[x]] + 2880 a% b* Log[Sin[x]] -
2 2
X
960 a® Log[b+aSin[x]] + 2880 a*b% Log[b+aSin[x]] -2880a%b*Log[b+aSin[x]] +960b° Log[b+aSin[x]] - 120 a* b? Sec[—}2+
2
X2 X -4 X,4 X4 X .6
330a?b*Sec[~] -15a?b*Sec[~| +320a°b>Csc[x]3Sin[~] -816ab°Csc(x]>Sin[~| +3ab’Csc|[~]| Sin[x] +
2 2 2 2 2

ab3Csc[§}4 (-15ab+20a°Sin[x] - 51b*>Sin[x]) +480a5bTan[§] —1360a3b3Tan[§] +1236ab5Tan[§] +6ab55ec[§]4Tan[i})
2 2 2 2 2 2

Test results for the 24 problemsin "4.6.3.1 (a+b csc)*m (d csc)*n (A+B csc).m"

Problem 3: Result more than twice size of optimal antiderivative.

JCsc[c+dx1 (a+aCsclc+dx]) (A+ACsclc+dx]) dx

Optimal (type 3, 51leaves, 6 steps):
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3aAArcTanh[Cos[c+dx]] 2aACot[c+dx] aACot[c+dx]Csc[c+dx]

2d d 2d

Result (type 3, 137 leaves):

+

2aACot[crdx] 2ACsc[S (c+dx)]® aAlog[Cos[f . 2X]]

d 8d i d
aALog[Cos[i(Cerx)H aALog[Sin[§+d7"H aALog[Sin[i(Cerx)H aASec[%(c+dx>]2

+ + +

2d d 2d 8d

Problem 4: Result more than twice size of optimal antiderivative.

J(a+aCsc[c+dx]) (A+ACsc[c+dx]) Sin[c+dx] dx

Optimal (type 3, 33 leaves, 5steps):

aAArcTanh[Cos[c+dx]] aACos[c+dx]
2aAx- -

d d

Result (type 3, 72leaves):

2aAX*aACos[c] Cos [d x] 7aAL°g[C°5[§+d7xH +aAL°g[Si”[§+d7XH +aASin[c] Sin[dx]
d d d d

Problem 9: Result more than twice size of optimal antiderivative.

JCsc[c+dx1 (a-aCsclc+dx]) (A+ACsclc+dx]) dx

Optimal (type 3, 38leaves, 3 steps):
aAArcTanh[Cos[c+dx]] aACot[c+dx] Csc[c+dX]
- +
2d 2d

Result (type 3, 79leaves):

_Csc{% (c+dx)]2Jr Log[Cos[% (c+dx)]] ) Log[Sin[% (c+dx)]] Sec[% (c+dx)]2

-aA +
8d 2d 2d 8d

Problem 15: Result more than twice size of optimal antiderivative.

JCsc[c+dx} (a+aCsclc+dx]) (A-ACsclc+dx]) dx
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Optimal (type 3, 38leaves, 3 steps):
aAArcTanh[Cos[c+dx]] aACot[c+dx] Csc[c+dX]
- +
2d 2d

Result (type 3, 79leaves):

_Csc{% (c+dx)]2Jr Log[Cos[% (c+dx)]] ) Log[Sin[% (c+dx)]] Sec[% (c+dx)]2

"
8d 2d 2d 8d

-aA

Problem 21: Result more than twice size of optimal antiderivative.

JCsc[c+dx} (a-aCsclc+dx]) (A-ACsclc+dx]) dx

Optimal (type 3, 51leaves, 6 steps):
3aAArcTanh[Cos[c+dx]] 2aACot[c+dx] aACot[c+dx]Csc[c+dx]
- +

2d d 2d

Result (type 3, 137 leaves):

+

2aACot[crdx) 2ACsc[y (crdx)]® aALog[Cos[$+ 2X]]

d 8d d
aALog[Cos[% (c+dx)]] aALog[sin]

) §+d7H+aALog[Sin[%(c+dx)H+aASec[%(c+dx>]2

2d d 2d 8d

Problem 22: Result more than twice size of optimal antiderivative.

J(a—aCsc[c+dx]) (A-ACsc[c+dx])Sin[c+dx] dx

Optimal (type 3, 33 leaves, 5steps):

aAArcTanh[Cos[c+dx]] aACos[c+dx]
-2aAx- -

d

Result (type 3, 72leaves):

yanyx. 2ACos(c]Cos[dx] ahLog[Cos[J+ 9*]] . aAlog[sin[ 5+ O*]] , aAsin[c] Sin[dx]

Test results for the 1 problems in "4.6.4.2 (a+b csc)*m (d csc)*n (A+B csc+C csc”2).m"
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Test results for the 27 problemsin "4.6.7 (d trig)*m (a+b (c csc)*n)*p.m"
Problem 2: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx]2)3d1x

Optimal (type 3, 74 leaves, 4 steps):
b(3a?+3ab+b?) Cot[c+dx] b?(3a+2b)Cot[c+dx]® b3Cot[c+dx]®
d 3d 5d

a3 x-

Result (type 3, 266 leaves):

8 b3 Cos[c+dx] (a+szc[c+dx]2)351n[c+dx] 8 (15ab?Cos[c+dx] +4b3Cos[c+dx]) (a+szc[c+dx]2)351n[c+dx]3
+ +

15d (~a-2b+aCos[2 (c+dx)])?

5d(-a-2b+aCos|2 (c+dx)])3

8 (45a%bCos[c+dx] +30ab2Cos[c+dx] +8b*Cos[c+dx]) (a+szc[c+dx]2)35in[c+dx]5 8a® (c+dx) <a+szc[c+dx]2)SSin[c+dx]6

3 3

15d (-a-2b+aCos[2 (c+dx) ) d(-a-2b+aCos[2 (c+dx)])

Problem 3: Result more than twice size of optimal antiderivative.
J(a+szc[c+dx]2)2d1x
Optimal (type 3, 41 leaves, 4 steps):

b(2a+b) Cot[c+dx] b2Cot[c+dx]3
d 3d

aZx-

Result (type 3, 83 leaves):
4 (a+szc[c+dx]2)2 (-3a% (c+dx) +bCot[c+dx] (6a+2b+bCsc[c+dx]?))Sin[c+dx]*

3d (a+2b-aCos[2 (c+dx)])?

Problem 8: Result more than twice size of optimal antiderivative.

J ! dx
(a+bCsclc+dx]?)*

Optimal (type 3, 204 leaves, 7 steps):
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Vb (35a%+70a%b+56ab?+16b3) ArcTan [ b Coticzdxl ]

X a+b
— 4 +

at 16 a* (a+b)7/2d

bCot[c +dx] b(1la+6b) Cot[c+dx] b (19a%+22ab+8b?) Cot[c+dx]

+ +

6a(a+b)d (a+b+bCo‘c[c+dx]2)3 24 32 (a+b)2d (a+b+bCo‘c[c+dx}2)2 16 a3 (a+b)3d (a+b+bCot[c+dx]?)

Result (type 3, 410leaves):
(c+dx) (-a-2b+aCos|2 (c+dx)])4Csc[c+dx18

16 a* d <a+szc[c+dx12)4

Vb (35a3+70a2b+56ab2+16b3)Ar‘cTan[gf—W] (-a-2b+aCos|2 (c+dx)])4Csc[c+dx18

256 a* (a+b)7/2d <a+szc[c+dx}2>4

b* (-a-2b+aCos[2 (c+dx)]) Csclc+dx]®Sin[2 (c+dX) |

+

24a% (a+b)d(a+bCsclc+dx]?)?
((—a—2b+aCos[2 (c+dxH)3Csc[c+dx]8 (-87a?bsin[2 (c+dx) | -116ab>Sin[2 (c+dx) | -44b*>Sin[2 (c+dx”))/

(76833 (a:b)%d (a+szc[c+dx}2)4) . (-a-2b+acCos|2 (c+dx>])2Csc[c+dx]8 (-19ab?Sin[2 (c+dx)] -14b*Sin[2 (c+dx)])

1922 (a+b)?d (a+bCsclc+dx]?)*

Problem 9: Result more than twice size of optimal antiderivative.

J(a+szc[c+dx]2)5/2d1x

Optimal (type 3, 167 leaves, 8 steps):
a%/2 ArcTan[ —2Cetieedl T /b (15a%+1@ab+3b2) ArcTanh | — /b Cotic-dx] ]

a+b+b Cot[c+d x]? a+b+b Cot[c+d x]?
d 8d

b (7a+3b) Cot[c+dx] \/a+b+bCot[c+dx]2 bCot[c +dx] (a+b+bCo‘c[c+dx]2)3/2
8d 4d

Result (type 3, 396 leaves):
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(-4a*-15a2b-10ab?-3b?) ArcTanh]| 2 /-b Cos[c+dx] | (a+bCsclc+dx]?)*?sin[c+dx]®
-—a-2b-a Cos[z (—c+§—d XH

V2 /-b d (—a—2b+aCos[2 (c+dx>])5/2

3
((a+szc[c+dx]2)5/2 (—f (3abCos[c+dx] +b*>Cos[c+dx]) Csc[c+dx]?-b*Cot[c+dx] Csc[c+dx]3) Sin[c+dx]®
2

(d (-a-2b+acCos|2 (c+dx”)2) +

/

Ar‘cTanh[ 2 -b Cos[c+d x] ] r \/_ \/_
—a-2b+ N 2 Log|V2 va Cos[c+dx] ++/-a-2b+aCos|2 (c+dx
433 (a+szc[c+dx]2)5/2 - Joa2bracosiz (cdm) + [ \/ [ ( H] Sin[c+dx]5/
V2 \/~b Va

(d (—a—2b+aCos[2 (c+dx”)5/2)

Problem 12: Result more than twice size of optimal antiderivative.

1
J\ dx
\/a+szc[c+dx]2

Optimal (type 3, 39leaves, 3 steps):
Ar‘cTan[ Va Cotlc+dx ]

a+bCsclc+dx]?

Va d
Result (type 3, 98 leaves):

\/—a—2b+aCos[2 (c+dx)] Csclc+dx] Log[+/2 Va Cos[c+dx] +\/—a—2b+aCos{2 (c+dx)] |

\/Tx/gd\/a+szc[c+dx]2

Problem 16: Result more than twice size of optimal antiderivative.

J(1+Csc[x]2)3/2 dx

Optimal (type 3, 44 leaves, 6 steps):

COtIX) 1 prctan[— 21 Lot px) 2+ cot[x)?

V2 2+ Cot[x]? 2

-2 ArcSinh]|

Result (type 3, 94 leaves):



1

(-3+Cos[2x])*?
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(1+Csc[x]2)>? | -4+/2 ArcTan| V2 Cos[x] ] +4/=3+Cos[2x] Cot[x] Csc[x] -2+/2 Log[v2 Cos[x] +V-3+Cos[2x] ||Sin[x]>
V-3+Cos[2X]

Problem 17: Result more than twice size of optimal antiderivative.
J 1+Csc[x]? dx

Optimal (type 3, 28 leaves, 5 steps):
Cot[x] Cot [X]

- ArcSinh| | - ArcTan]

V2 2 + Cot[x]?

]

Result (type 3, 68 leaves):
A2 4/1+Csc[x]? [ArcTan[M} +Log[V2 Cos[x] ++/-3+Cos[2x] || Sin[x]

-3+Cos[2 x]

V-3+Cos[2X]

Problem 18: Result more than twice size of optimal antiderivative.

1
J—dx
1+Csc[x]?

Optimal (type 3, 16 leaves, 3 steps):

—Ar‘cTan[ cot[x] ]
2 + Cot[x]?

Result (type 3, 49 leaves):
V-3 +Cos[2x] Csc[x] Log[V/2 Cos[x] ++/-3+Cos[2x] |

A2 A/1+Csc[x]?

Problem 26: Result more than twice size of optimal antiderivative.

J -1-Csc[x]? dx
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Optimal (type 3, 33 leaves, 6 steps):

Cot[x] Cot [X]

ArcTan | | +ArcTanh|

-2-Cot[x]? -2-Cot[x]?

]

Result (type 3, 70 leaves):

\E -1-Csc[x]? (Ar‘cTan 2 Cospx] Lo \ECOS X -3+Cos[2X Sin[x
\/ [X] [m]+g[ [x] +\/-3+Cos[2x] | [X]

V-3+Cos[2X]

Problem 27: Result more than twice size of optimal antiderivative.

1
J— ax
-1-Csc[x]?

Optimal (type 3, 18leaves, 3 steps):

—Ar‘cTanh[&}

-2 -Cot[x]?

Result (type 3, 51 leaves):
V-3 +Cos[2x] Csc[x] Log[V/2 Cos[x] ++/-3+Cos[2x] ]
A2 A/-1-Csc[x]?
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Summary of Integration Test Results

304 integration problems

/

A - 236 optimal antiderivatives

B - 50 more than twice size of optimal antiderivatives
C - 8 unnecessarily complex antiderivatives

D - 10 unable to integrate problems

E - 0 integration timeouts



